This letter studies response of a chaotic spiking oscillator to chaotic spike-train inputs. The circuit can exhibits a variety of synchronous/asynchronous phenomena and we show an interesting phenomenon "consistency": the circuit can exhibit random response that is identical in steady steady state for various initial values. Presenting a simple test circuit, the consistency is confirmed experimentally.
Introduction
This letter introduces basic dynamic of a chaotic spiking oscillator (CSO) and considers its response to chaotic spiketrain input. The CSO is based on Integrate-and-fire neuron models (IFM, [1] - [3] ). Applying spike-train input, the IFMs can exhibit rich periodic/nonperiodic responses. The IFM can be a building block of pulse-coupled networks (PCN, [4] - [7] ) that exhibit rich synchronous/asynchronous phenomena. Such spike-based systems have advantages as compared with smooth systems, e.g, fast transient to steady state, lower power consumption and flexible coding ability [7] . Potential applications of the spike-based systems are many, including image processing, associative memories, ultra-wide-band communications and address-eventrepresentation [4] - [9] .
Analysis of dynamics in the spike-based systems are important from both fundamental and application viewpoints and this letter considers the CSO with chaotic spiketrain inputs. The CSO consists of two capacitors, one twoport voltage-controlled current source (VCCS) and one impulsive switch [10] . If the input does not present a capacitor voltage repeats vibrate-and-fire behavior and can output rich chaotic spike-trains. Applying spike-train input, the CSO can output a variety of spike-trains and this letter shows an interesting phenomenon. That is "consistency": applying some kind of chaotic spike-train input, the CSO can exhibit random response that is identical in steady steady state for various initial values [11] . Presenting a simple test circuit, the consistency is confirmed experimentally where the input is generated by manifold piecewise linear chaos generator (MPL [12] ). This is the first observation of consistency in spiking neuron circuits. 2. Spiking Oscillator with Spike-Train Input Figure 1 shows the objective circuit. If S is open, the two capacitors and 2-port VCCS construct a linear circuit:
This equation has unstable complex characteristic roots δω± jω given by δ = 1 2ω (
) and
) 2 > 0. In this case v 1 can vibrate and trajectory of (v 1 , v 2 ) can rotate around the origin. Repeating the vibrate-and-fire, the CSO exhibits rich dynamics. The spike-train input is defined by
where S n is the n-th spike arriving instant and D n is the nth spike interval. S is closed impulsively and v 1 is reset to the base V B holding continuity of v 2 if either v 1 reaches V T (self-switching SSW) or at the n-th spike arriving instant T n (compulsory-switching CSW). We introduce dimensionless variables and parameters: 
Using these, Eq.
(1) and switching rules are transformed into
When S is open, Eq. (3) has the exact piecewise solution.
Using Eq. (4) trajectories are calculated precisely. When the input does not present, the CSO can exhibit a variety of chaotic/periodic attractors and some examples are shown in Fig. 2 . The chaotic dynamics and related bifurcation have been analyzed precisely in [10] and references therein. Hereafter we consider how this chaotic attractor changes by chaotic spike-train input.
Consistency in CSO with MPL
In order to generate the chaotic input u(τ), we recall the MPL [12] . The dynamics is illustrated in Fig. 3 .
where the righthand side of Eq. (5) is switched from (A) to (B) (respectively, (B) to (A)) at the moment when (x,ẋ) satisfiesẋ = 0 and x < 0 (respectively,ẋ = 0 and x > 0). We define the spike-train u(τ) based on the switching: u(τ) = 1 at the switching moment between (A) and (B) and u(τ) = 0 otherwise. Let L D = {(x,ẋ)||x| ≤ 1,ẋ = 0} and let a point on L D be represented by its x coordinate. Let ω ≡ √ 1 − δ 2 and let A ≡ exp(δ (2π/ω ). In the case of 1 < A < 2, a trajectory started from L D at τ = 0 must return to L D at τ = 2π/ω , hence we can define return map F from L D to itself. The map is described explicitly: 
where x n is the n-th intersection of the trajectory and L D . As shown in Fig. 4 ,
] is an invariant interval and chaotic behavior in I A is guaranteed theoretically [12] . For simplicity we consider the case F 2 (−(A − 1)) > 0 hereafter. as shown in Fig. 4 . In this case, an orbit in I A can hit either branch successively at most twice and a trajectory in steady state can rotate around either equilibrium point (1 or −1 ) at most twice as shown in Figs. 5(a) and (b) . That is, the chaotic spike-train u(τ) consists of two spike-intervals d a = 2π/ω and d b = 4π/ω . We apply such spike-trains as input u(τ) to the CSO. Figure 6 illustrates measuring system of the response: common spike-train input u(τ) is applied to two CSOs which have the same parameter values and initial states. The CSO usually exhibits chaotic responses which are sensitive for initial state as shown in Figs. 5(c) and (d) . However, in some parameter range, we have confirmed interesting response as shown in Fig. 7 : the both CSOs exhibit identical random response. This is "consistency": a kind of chaotic synchronous phenomena such that a system exhibits identical steady state response to chaotic input for various initial values. It should be noted that Refs. [10] and [13] have analyzed response of CSO to periodic spike-train input and related bifurcation phenomena, however, it is hard to clarify relationship between response to periodic and that to chaotic input. This issue is in future problems. 
Experiments
In order to confirm typical phenomena experimentally, we have fabricated simple test circuits of CSO and MPL. Figure 8(a) shows an implementation example of CSO based on the Wien Bridge oscillator. The 2-port VCCS is characterized by 
Substituting Eq. (7) into Eq. (1), we obtain circuit equation. The CSO exhibits periodic and chaotic attractor as shown in Fig. 9 . Figure 8 (b) shows an implementation example of MPL based on [12] . The dynamics is described bÿ
Using the dimensionless variables and parameters, τ = √ αt,
; Eq. (8) is transformed into Eq. (5). This circuit exhibits chaotic attractor as shown in Fig. 10(a) and Fig. 11(a) . The switched voltage v f is transformed into chaotic spike-train input U(t) through window comparators and monstable multivibrator. The spike-train U(t) is applied to two CSOs as shown in Fig. 6 where the CSOs exhibit chaos as shown in Fig. 9 (b) before input injection. In the experiment, we have confirmed that, as parameter(s) varies, random response (e.g., Figs. 10(b) and (c)) can be changed into consistency (Figs. 11(b) and (c)). That is, "consistency" has confirmed experimentally by CSO and MPL.
Conclusions
We have introduced the CSO with spike-train input and demonstrated consistency. The consistency is calculated precisely by the piecewise exact solution and is confirmed experimentally by the MPL-based chaotic input generator. Future problems include analysis of bifurcation phenomena from the consistency, consideration of other spiking neuron circuits and application to practical problems as suggested in [4] - [9] .
